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POLYNOMIAL INEQUALITIES ON THE 7r/4 CIRCLE SECTOR 


G. ARAUJO*, P. JIMENEZ-RODRfGUEZ**, G. A. MUNOZ-FERNANDEZ***, AND J. B. SEOANE-SEPULVEDA*** 

Abstract. A number of sharp inequalities are proved for the space V (^D (^)) of 2-homogeneous poly¬ 
nomials on endowed with the supremum norm on the sector D (^) ;= {e'® : 6 S [O, }. Among the 

main results we can find sharp Bernstein and Markov inequalities and the calculation of the polarization 
constant and the unconditional constant of the canonical basis of the space V {^D (^)). 


1. Preliminaries 

The study of low dimensional spaces of polynomials can be an interesting source of examples and 
counterexamples related to more general questions. In this paper we mind 2-variable, real 2-homogeneous 
polynomials endowed with the supremum norm on the sector D (j) := {e*® : 0 € [O, f]}. The space of 
such polynomials is represented by V {^D (f))■ This paper can be seen as a continuation of m and [20]. 
Other publications in the same spirit can be found in imiiiiiiiiiiiiiiisi. 

If P{x, y) = ax^ -b by'^ + cxy, we will often represent P as the point (a, &, c) in Hence, the norm of 
peu(f))is in fact the norm in given by 

||(a,6,c)||^^,^ = sup ^^\ax'^ + by"^ + cxy\ : {x,y) e D (0} • 

In Section the notation (^D will be useful to represent the symmetric bilinear forms on 
endowed with the supremum norm on D 

In order to obtain sharp polynomial inequalities in P (j)) we will use the so called Krein-Milman 

approach, which is based on the fact that norm attaining convex functions attain their norm at an extreme 
point of their domain. Hence, an explicit description of the norm || • and the extreme points of the 

unit ball denoted by ext will be required. Both are presented below: 

Lemma 1.1. [201 Theorem 3.1] If P{x,y) = ax^ + by^ + cxy, then 

|jp|| _ |max||a|,i|a-b6 + c|,i|a-b5-bsign(c)A/(a-5)2 -bc^jj ifc{a-b)>0, 

[max{|a|, ||a-b 6-b c|} ifc{a — b)<0, 

Lemma 1.2. [201 Theorem 4.4] The extreme points of the unit ball of P{^D{j)) are given by 
ext iQsj i(lj 1)0): —1 < t < 1 and 1 < s < 5 -b 4-\/2|, 

where 

Pf : = (t, A 1 A'J 1 -b t, —2 — 2t — A\J\ -b t), 

Q, : = (l,s,-2^2(1+ s)). 
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Let US describe now the three inequalities that will be studied in this paper. Section is devoted to 
obtain a Bernstein type inequality for polynomials in V i^D (f))- Namely, for a fixed {x,y) S D (|), we 
find the best (smallest) constant d>(a;, y) in the inequality 


||VP(a;,y )||2 < ^{x,y)\\P\\ 

for all P S P (j)), where 11-112 denotes the euclidean norm in Similarly, we also obtain a Markov 
global estimate on the gradient of polynomials in V (^D (f)), or in other words, the smallest constant 
M > 0 in the inequality 

||VP(x,y)|| 2 <M||P||^(,), 

for all P G P i^D and {x^y) G D It is necessary to mention that the study of Bernstein and 
Markov type inequalities has a longstanding tradition. The interested reader can find further information 
on this classical topic in [iiiaiiaiiniiiiiiiiisiiMiiiHiiiaEni Ell¬ 
in Section we find the smallest constant ZL > 0 in the inequality 

where P is an arbitrary polynomial in P i^D (j)) and L G {^D (j)) is the polar of P. Observe 
that here stands for the sup norm of L over D (f )^. Hence, what we do is to provide the 

polarization constant of the space P(^P(j)). The calculation of polarization constants in various 
polynomial spaces is largely motivated as the extensive, existing bibliography on the topic shows (see for 
instance [inmainiET]). 

Finally, in Section]^ we investigate the smallest constant C > 0 in the inequality 


( 1 . 1 ) 


|P| 


lc(f) 


^CIIPI 


^(f)’ 


for all P G P i^D (f)), where |P| is the modulus of P, i.e., if P{x,y) = ax^ + by‘^ + cxy, then \P\{x,y) = 
|a|x^ + \b\y'^ + \c\xy. The constant C turns out to be the unconditional constant of the canonical basis 
of P (^D (f)). It is interesting to note that already in 1914, H. Bohr [3] studied this type of inequalities 
for infinite complex power series. Actually, the study of Bohr radii is nowadays a fruitful field (see for 
instance [B m ig [a HI E]). Observe that the relationship between unconditional constants in polynomial 
spaces and inequalities of the type (1.1) was already noticed in [7j. 


2. Bernstein and Markov-type inequalities for polynomials on sectors 

In this section we provide sharp estimates on the Euclidean length of the gradient VP of a polynomial 
PinP(2p(f)). 

Theorem 2.1. For every (x,y) G D (|) and P G P (^D (|)) we have 

||VP|| 2 <<i>(x,y)||P||^(,), 

where 

$(x,?/) 

{ 4 [(13 -k 8v^) x2 -k (69 -k 48^2) y^ -2 (28 -k 20v^) xy] if 0 < y < ^|=^x or (4^2 - 5) x < y < x, 
^ + 4(x 2 + y2) ,f < y < (V2 - 1) X, 

(3a: ) ?/ (v^ - l) X < y < (4v^- 5) X. 

Proof. In order to calculate 'l>(x,y) := sup{|| VP(x, y )||2 : llPlI^ij'iL^ < 1}, by the Krein-Milman approach, 
it is sufficient to calculate 

sup{||VP(x,y )||2 : P G ext(P^(-,p}. 

By symmetry, we may just study the polynomials of Lemma |l.2| with positive sign. Let us start first with 
Pt(x, y) = Zx^ -k (4 -k t -k 4-s/l -k t) y^ — 2 (l -k Z -k 2-^/1 -k Z) xy, Z G [—1,1]. Then, 

^Pti^Xj y) = (2Zx — 2 (l “k Z F 2'\/l “k~Z) y, 2 (4 F Z F 4'\/1 F Z) y — 2 (l F Z F 2\J 1 F~Z) x) , 
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SO that 

||VPt(x, J /)||2 + 4 (l + t + 2y'l + t)‘^ - 8t (l + t + 2Vl + t) xy 

+ 4 (4 + t + 4Vl + t)^ + 4 (l + t + 2Vl + 

— 8 ^4 1 4^/ 1 -j--t- t -t- 2^/1 xy 

Make now the change u = ^Jl + t € [O, v^], so that 

|jVP„(x, y)\\l =8(a: - yfu^ + 16 {x^ - Axy + 3y^) 

+ 8 (a;^ — lOxy + 13y^) + 32 (3y^ — xy) u + 4 (a;^ + 9y^) . 

Since 

J^||VP„(x ,?/)||2 = 16 (2{x-yfu‘^ + - 8xy + ly"^) u + 2y {3y - x)^ (u + 1), 

it follows that the critical points of ||-DP„(a;, y )\\2 are u = = 2 {^-y) 11 = —lifa;^y and u = 4 

and w = — 1 if a: = y. Since we need to consider 0 < w < v^, we can directly omit the case x = y. 
Therefore, we can write 


^|lVP„(a;,y)||i = 32{x-yf 


u — 


iy-x 
2{x - y) 


(u+ 1). 


Let ui = and U 2 = 2 {x-^y) since we need to consider 0 < m < \/2, we can omit the solution 

u = —1). Also, we have the extra conditions Ui € [0, y/2] whenever 0 < y < (v^ — l) a: and U 2 € [0, v^] 
whenever \x <y < (4^/2 — 5) x. Considering all these facts, we need to compare the quantities 

a;® — 4x^y + 7x‘^y^ — 8x^y^ + 7x^y‘^ — 4xy^ + y^ 


Ciix,y) := \\VPuAx,y)\\l = W^Pt^Wl = 4- 

= 4(x2 + y2) 

for 0 < y < (v^ -l) X and h = 


{x - vY 


C2{x,y) ■■= |jVP„,(a;,j 


= l|VPiJ|H 


9x® — 30x^y + 55x^2/^ — 68x^y^ + 55x^1/^ — 30xy® + 9y® 


2(a; - yY 

(3x^ — 2xy + 8y^)^ 

2{x-yY 

for \x<y < (4a/2 - 5) x and t 2 = 

CYx.y) := ||VP*3=_i||2=4(a:2 + 92/2), 

and 

Ci{x,y) ■■= \Y^Pt^=i\\l = 4 (13 + 8 ^ 2 ) + (^69 + 48^2) y^ - 2 ^28 + 20v^) xy 

Let us focus now on Qg = ^1, s, —2 a/ 2(1 + s)^ , 1 < s < 5 + 4-^2. Then, we have 

||V( 33 (a:, 2/)||2 = 4x^ + 4s^y^ + 8(1 + s)(x^ + y^) - 8(1 + s)^ 2 (l + s)xy. 

Making the change v = \/2(l + s) € [2,2 + 2\/2j , we need to study the function 

\\VQv{x,y)\\l = {y'^v^ - 4xyv + 4x‘^) + 4 (x^ + . 

If X = 2 / = 0 we have || VQt)(a;, 2/)ll2 = 0, so we will assume both x ^ 0 and y Y 0- The critical points of 
||VQ„(x, 2/)||2 are v = = y and v = 0 (but 0 ^ [2,2 + 2\/2]). Observe that vi = | G [2,2 + 2v^ 

whenever ^~^ x <y<\x and U 2 = ^ € [2, 2 + 2\/2\ whenever y > (v^ — l) x. Thus, we also need to 
compare the quantities 

„4 


CYx,y) ■■= ||VQ„,(x,2/)||2 = ||VQsi(x,2/)||2 = ^ + 4 (x^ + 2/^) , 

yZ 
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Figure 1. Graphs of the mappings (71(1, A), (76(1, A), ( 77 ( 1 , A). 


for <y <\x and si = ^ > 

Ce{x,y) := \\VQ^,ix,y)\\l = ||VQ«,(x,y)||^ = 4 {x^ + y^) , 
for (v^ — l) X < y < X and S 2 = ■, and also 

Cj{x,y) := ||VQ^ 3 =i||^ = 4 (a;^ + y^) + 16(a; - y)^ 

and 


Cs{x,y) \\^Qsi=^+i^\\2 


(12 + 8V2) 

4x2 + (12 + 8V2) y2 - (^8 + 8^2) xy 

+ 4( 

4 

(13 + 8^2 

x2 + ^69 + 48V2) y2 - 2 (28 + 20^2) xy 


Note that (the reader can take a look at Figures and 


(7i(a;,y),(76(a;, y) < Cj{x,y) < 


Ci{x, y) if 0 < y < "^—^x or lx < y < a;, 
C^ix^y) if ^^^^x < y < lx. 


C,lx ul < / if |ai<y< (4^2-5) X, 

’ ( G 4 (x, y) if 0 < y < lx or (4-\/2 — 5)x < y < x, 

Cs.{x,y) = Ci{x,y). 


Hence, for (x,y) S D (|), 


$(x,y) = sup|||VP(x,y )||2 : P e ext | 


f C4(x,y) 
S C'5(x,y) 

lc'2(x,y) 


if 0 < y < ^~^ x or (4\/2 — 5)x < y < x, 
if ^~^ x < y < (-^2 — l)x, 
if (v^ — l)x < y < (4-\/2 — 5)x. 


In order to illustrate the previous step, the reader can take a look at Figure]^ 


□ 


Corollary 2.2. If P G V [D (f)), then 

sup{||VP(x,y )||2 : (x,y) g D {^)} < 4(13 + 8y2)||P||^(,), 
with equality for the polynomials Pi(x, y) = ± (x^ + (5 + 4-\/2)y^ — 2(2 + 2-\/2)xy). 
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Figure 2. Graphs of the mappings (74(1, A), ( 75 ( 1 , A), ( 77 ( 1 , A). 



Figure 3. Graphs of the mappings (72(1, A), ( 73 ( 1 , A), ( 74 ( 1 , A). 



Figure 4. Graphs of the mappings (72(1, A), ( 74 ( 1 , A), ( 75 ( 1 , A). 

3. Polarization constants for polynomials on sectors 

In this section we find the exact value of the polarization constant of the space V (^D (f))- In 
order to do that, we prove a Bernstein type inequality for polynomials in P (^Zl (|)). Observe that if 
P GV {^D ( j)) and (x, y) S Zl (j) then the differential DP{x, y) of P at (x, y) can be viewed as a linear 
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form. What we shall do is to find the best estimate for \\DP{x,y)\\jy^^'^ (the sup norm of DP{x,y) over 
the sector D (|)) in terms of {x,y) and ■ First, we state a lemma that will be useful in the 

future: 


Lemma 3.1. Let a,b gM.. Then, 


sup |acos0 + &sin0| 


fmax||a|,^|a + 5|| i/| > 1 or ^ < 0, 

{ -s/a^ + 6^ otherwise. 

< ^|a + 6| */ (l — V^) h<a<b or b<a<[l — v^) b, 

[|a| if-{1 + ^/2) a < b <0 or 0 < b < — (1 + V2) a. 


Theorem 3.2. For every {x,y) G D{j) and P G V{^D{j)) we have that 

( 3 - 1 ) \\DP{x,y)\\D{f) < '^{x,y)\\P\\Di^), 


where 


'^{x,y) = < 


V2 [(1 + 2^2) X - (3 + 2v^) y] 

V2{x^+3y^) 

2y 


(x + 

V ^-v J 


4 (l + a/2) y -2 x 


tf0<y<^^x, 
if <y < iV2 - l)x, 

if (a/2 -l)x <y < (2- a/2) x, 
if (2 — v^) X < y < X 


Moreover, inequality (O is optimal for each {x,y) G D{j). 


Proof. In order to calculate 4>(x, y) := sup{||I?P(j;, y)||£)( j) : ||P||£)(j)) < 1}, by the Krein-Milman 

approach, it suffices to calculate 


sup{|lPP(a:,y)||£,(^) : P S ext(PD(^))}. 

By symmetry, we may just study the polynomials of Lemma |l.2| with positive sign. Let us start first with 
Pt{x, y) = tx"^ + (4 +1 + 4vT+/) y^ — (2 + 2t + 4vT+/) xy. 

So we may write 

Pt{x, y) = (2tx — ^2 + 2t + 4'/l + t) y, 2 ^4 + t + 4'\/l + t) y — ^2 + 2t + 4'\/l + t) x) , 
from which 

\\DPt{x,y)\\D{j) = sup |2 [tx- {l + t + 2y'l+t) y] cosO 
o<e<f 

+ 2 [(4 + t + 4v^l + t) y — (l + t + 2y/l + f) x] sin 0 1 

= 2x sup \fx{t,e)\, 

o<s<i 

for f\{t, 0) = [t — (l + t + 2^/l + t) A] cos 6 

+ [(4 + t + 4^/1 + t) A — (1 + t + 2'/! + t)] sin0, 

where A = x / 0 (the case x = 0 is trivial, since the only point in P(f) where x = 0 is (0,0), in which 
case P/0,0) = ||PP/0,0)||^(„) = 0). 

We need to calculate 

sup ||PPt(x,y)||£,(j) = 2x sup \fx{t,9)\. 

-i<t<i o<e<f 

Let us define Ci = [—1,1] x [0, |]. We will analyze 5 cases. 

(1) (t,0)e(-i,i)x(o,f). 

We are interested just in critical points. Hence, 
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(3.2) 


(3.3) 


dfx 

dt 


it,9) = 


1 + 


"x/ l “1“ ^ 

I-fl. 


A- 1 + 


■\/l +1 


's/I +1 


cosO = 0, 


sin0 


^^(t, 0) = [(l + i + 2s/l + t) A - t] sin0 


+ [(4 +1 + 4'\/l + t) A — (l +1 + 2-^1 + t)] cos9 = 0 


Equation (3.3) tells us that 


(3.4) 


sin 9 = (4 + t + 4sA+I)A-(l + t + 2s/r+t) ^ 

t — (^1 H- t “h 2'y^l A 


If we now plug (|3.4|) in equation (|3.2|), we obtain 


0 = 


1 


+ t 


X 


1 + 


■y/l + t 


A- 1 + 


■y/l + t J _ 


(4 + t + 4'\/l + t) A — (1 + i + 2^/1 + t) 1 


t — “h t -j- 2'^! A 


/ 


cos6>. 


Using that 0 < 0 < ?, we can conclude 


0 = 


1-1 + 


1 


\/l +1 


1 + 


■v/l +1 


A- 1 + 


\/l + t J _ 


(4 + t + 4's/l + t) A — (1 + t + 2's/l + 1 ) 
t — ^1 + t + 2-^/1 + t) A 


and thus 


0 = 


1 + 


1 


■s/1 +1 
2 


\/l +1 


A 

A- ( 1 + 


• [t — (1 + t + 2 s/1 +1) a] 

1 


■v^l +1 


— t — (1 + t + 2's/l +~t) A — tA + (1 + t + 2's/l +~t) A^ — 


• [(4 + t + 4s/1 + t) A — (1 + t + 2s/l + t)] 
Xt 


s/l +1 



= t (1 - 2A + 2A^ - 2A + 1 ) + (-2A + 2A2 + 4A^ - 2A - 4A + 2) s/1 + t 


(-A + A2 + 2A2-2A-A+1) + 


1 


(A^ + SA^ - 2A - 4A + 1) 


s/l +1 s/l + / 

+ (-A + A^ + 2A2 + 4A2 - A - 4A + 1 + 2 + SA^ - 8A) 

= 2t(A - 1)^ + 6 VI + t(A - 1) ^A - -^ + 3--^===(A - 1) ^A - 


■v/l +1 


(3A-1)^ + 15 A-- 


a-5 

5 
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Working with this last expression, we get 

0 = 2Wl + t{X - 1)2 + 6(1 + t){X - 1) + 3i(A - 1) (^A - 

+(3A — 1)^ + ISVl + t ^ ^A — —^ 

and hence, rearranging terms, 

(3.5) VT^ 




= -9i(A-l) A-- -15 A-- A- 


If A = 1, we obtain 


Vi + t +1 = 0 


and so, in particular, we have A 7 ^ 1. Equation (3.5) has two solutions, 

and + 


(A-1)^ 


4(A- 1)2 


Using equation (3.2), we may see 


tan 6 = 




(1 + ^)^ (l+Vl^) 


In particular, evaluating in ti(A) we obtain 


tan 6*1 = 


(1 + 

(1 + ^)A -(1 + ^) 


= A, 


in which case we have 


-\/l + A2 = y/l +A2. 


A,i(A) :=|/;,(U,0i)l = 

Regarding t 2 (A), we obtain 

(^ + 


tan 02 = 


Since O 2 G (O, |), we need to guarantee 0 < tan 02 < 1, and for this we need 0 < A < |. Therefore 


tan 02 = 


5A- 1 
7A-3 


and in this case, 

Di,2W := I/a( t2, 02)1 

r5A2 + 2A - 3 


4(A-1)2 


9A2 - 6 A + 1 3A - 1 


4(A-1)2 A-iy J V74A2 - 52A + 10 


3- 7A 


9A2 - 6 A + 1 6 A - 2 


A- 


4(A-1)2 A-1 

78A‘^ - 208A3 + 196A2 - 80A + 14 


9A2 - 6 A + 1 3A - 1 


4(A - 1)2 A - 1 yj V74A2 - 52A + 10 


1 - 5A 


4(A - 1)2V74A2 - 52A + 10 
39A2 - 26A + 7 


2a/74A2 - 52A + 10 
39A^ - 26A + 7 
2a/ 74A2 - 52A + lO’ 


( 2 ) 0 = 0,-1 < t < 1 . 


C71 I CO 
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We have 
Then, 

and hence 


f\{t, 0) — t — (l + i + 2^1 + t) A. 

/a(-1,0) = -1, 

/a(1,0) = 1 - 2(1 + 72 ) A, 


I/a(i,o)I = 

Working now on (—1,1), since 


l-2(l + v^)A ifO<A<^%^, 
2(1 + 72)A-1 ifA^<A<l. 


the critical point of f\{t, 0) is 


/7i,0)-l-(l+^j^) A, 


A" 


Recall that we need to make sure that — 1 < t < 1. Therefore, in this case we also need to ask 

A < = 2-72. 

1 + 72 

Plugging the critical point of f\{t,0) into f\{t,0), we obtain 


/a 


A2 


(A-iy 


and hence 


- 1,0 = 


/a 


A2 


(A-17 

A2 


- 1 - 


- 1,0 


A2 


2A 


X2 

A=^-l, 


(A-1)2 1-Aj A-1 
A2 


= 1 + 


,(A-1)^ 

Assume first 0 < A < . Then, 

sup |/A(t, 0)1 = max |l, 1 - 2 (1 + 72 ) A, 1 + 

-i<t<i L A / 

Assume now < A < 2 — 72. Then, 


1-A’ 


{ 1 . 2(1 


sup \f\{t, 0)1 = max 1, 2 (1 + 72) A - 1, 1 + 


A2 

1-A 


1-A 


= 1 + 


= 1 + 


Assume finally 2 — 72 < A < 1. Then, 

sup \f\it, 0)1 = max |l, 2 (l + 72) A — l| = 2 (l + 72) A 


1-A’ 


1-A 


- 1 . 


So, in conclusion. 


sup I /a 7, 0)1 = 


1 + ^ ifO<A<2-72, 

(2 + 2a/ 2) A-1 if2-A/2<A<l, 
A'2 .i(A) ifO<A<2-A/2, 

A»2.2(A) if2-A/2<A<l. 


(S) 0 = j and —1 < t < 1. 
We have 

72 


fx ^ — (1 + i + 2^/1 + A + (4 + i A — (l + i H- 2^/1 H- t)] 


= ^ [(3 + 271 + t) A - (1 + 271 + t)] . 
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Again, we have 




2 

2 


3 + 2V2J A - (1 + 2V2 
A 1 


\/l + t \/l + t 


and fx{t,j) =0 implies A = 1 (in which case fx{t, j) = x/2 for every t). 


• Assume first 0 < A < Then, 


sup 


i/a {t, 0 I = ^ max { (1 + 2 ^ 2 ) - (3 + 2 ^ 2 ) A, 1 - 3a} 


2 

72 r 
2 


(1 + 272 ) - (3 + 272 ) A 


Assume now | < A < — 5. Then, 


sup 

-i<t< 


. (*• i) 




{0 


= max <1(1 + 2v 2 ) — 


(3 + 272 ) A, 3A- l| 


^ [(1 + 272) - (3 + 272) A] if|<A<^^^ 
^( 3 A- 1 ) if 2+1+1 


Assume finally 472 — 5 < A < 1. Then, 

72 


\h{t.’£i 

Hence, we can say that 


sup 


^ < A < 472 - 5 . 

72 , 


max|3A- 1, (s + 272) A - (l + 272) | = ^(3A- 1). 


sup_i<t<i I/a {t, f) I = 


if < A < 1. 


^ [1 + 272 - (3 + 272 ) A] if 0 < A < 
^ (3A - 1) 

L»3,i(A) ifO<A<^^ 

A>3,2(A) if < A < 1. 


(4)t = -l, O<0< f. 
Applying lemma [3+] we obtain 


sup /a(-17) = 


1 ifO<A<iy^, 

^(3A-1) if+7^<A<l. 

A>4,i(A) ifO<A<iy^, 

iA4,2(A) if < A < 1. 


(5)f = l, O<0< f. 


We use again lemma 3.1 with a = 1 — (2 + 272) A and 6 = (5 + 472) A — (2 + 272). Through 

and ^ > 1 if and only 


standard calculations, we see that - < 0 if and only if A € 


V2- 


.)u( 


6 - 2+2 
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if < A < Therefore, 


sup |/a(1,6»)| 


3+4^2 
23 ’ 


inax||l - (2 + 2^2) A| , ^ | (3 + 2 a/ 2) A - (l + 2^2)11 if 0 < A < 

^(1 - (2 + 2^2) A)^ + ((5 + 4^2) A - (2 + 2^2))^ if < A < 5=f^, 

max||l- (2 + 2^2) A| | (3 + 2^2) A - (l + 2^2)11 if < A < 1. 


Since 0 < A < \f2 — 1 implies 11 — (2 + 2 a/2) A| < ^ | (3 + 2a/ 2) A — (l + 2 a/ 2) |, it follows that 


sup |/A(l,fi')| 

o<e<f 


if 0 < A < 


f 1(3 + 272) A-(1 + 272)1 23 

V4872A2 - 56A + 69A2 - 4072A + 872 + 13 if 44^ < A < 

if ^=1^ < A < 1 


|l- (2 + 272) A| 

^ [1 + 272 - (3 + 272) A] if 0 < A < 41^ 

74872A2 - 56A + 69A2 - 4072A + 872 + 13 if 44^ < A < 
(2 + 272) A - 1 if 

D5,i{X) ifO<A<5^ 

^5,2(A) if 4^ < A < 4=1^ 

7A5,3(A) if 4^ < A < 1. 


7 — — 


--r- < < 1. 


Since (see Figures]^ and 


-Di,i(A) < 


F>2,i(A) ifO<A<2-72, 


£>2.2(A) if2-72<A<l, 
-Di, 2(A) < D 3 ^i{\) for 0 < A < |, 

we can rule out case (1). Since 

^3,i(A) =i45,i(A) forO<A<4^, 

443,2(A) =144,2(A) for4^<A<l, 

we can directly rule out case (3). Since (see Figures and 

r D2iiX) if 0 < A < 2 - 72, 

144,i(A) = 1 < < ’ 

1 142.2 (A) if2-72<A<4^, 

144,2(A) < 142,2 for 4^ < A < 1, 
we can rule out case (4). Finally, since (see Figure]^ 

145,2(A)< 142.1(A) for4^<A<4^, 

145,3(A) = 142.2(A) for2-72<A<l, 
we can rule out the expressions 145.2(A) and 145.3(A) of case (5). 
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Figure 5 . Graphs of the mappings Di^i{X), Z?2,i(A) and 132,2(A). 



Figure 6. Graphs of the mappings I3i^2(A) and D 3 ^i{X). 


Thus, putting all the above cases together, we may reach the conclusion 

/35,i(A) ifO<A< 


sup \f\it,0)\ = 

{t,e)eCi 


Z32,i(A) if (2-3^/2)V4^+7+5^/2+6 < X < 2 - 
D2,2{X) if2-\/2<A<l, 

^ [(I + 2V2) - (3 + 2^2) A] if 0 < A < (2-3 v^)V4^+7+5v^+6 ^ 
1 + ^ 

(2 + 2^2) A - 1 


if (2-3>/2 )a/4^+7+5>/2+6 < < 2 - a/ 2, 


if 2 - 72 < A < 1, 


and hence 


sup |li3Pt(ai,2/)||D(^) = 2a; sup \f\{t,0)\ 

-l<t<l (i.6l)GCi 


C2 [(1 + 2v^ I - (3 + 2V2)!/] ito < B 

2(1+^) if < „ < (2 - C 2 ) X, 


x-y 

4 (1 + 72) ?/ - 2 a: 


if (2 — 72) X < y < X, 


assuming in every moment a: ^ 0 (in order to illustrate the previous step, the reader can take a look at 
Figure . 
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Figure 7. Graphs of the mappings I? 2 , 2 (A) and -D 4 , 2 (A). 



Figure 8 . Graphs of the mappings -D 2 ,i(A) and Z? 5 _ 2 (A). 



23 


Figure 9. Graphs of the mappings D 2 ,i(A), -D 2 , 2 (A) and D 5 ^i{X). 
Let us deal now with the polynomials 


Qsix, y) = x'^ + sy^ - 2yj2{l + s)xy, 1 < s < 5 + 4\/2. 
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Then, 


and thus 


with 


VQs{x, y) = (2x - 2a/2(1 + s)y, 2sy - 2v^2(l + s)x'^ , 

\\DQs{x,y)\\D(^^) = sup 2a; ^1 — \/2(l + s)A^ cos 9 + ^sA — \/2(l + s)^ sin0 


sup \\DQs{x,y)\\D(^) =2x sup |5 a(s,0)|, 
i<s<5+4y2 is,e)eC2 


gx{s, 0) = ^1 — \/2(l + s)A^ COS0 + ^sA — \/2(l + s)^ sin0 
and C 2 = [1, 5 + 4\/2j x [0, |]. Again, we have several cases: 

(6) (s,0)e(l,5 + 4V2)x(O,f). 

Let us hrst calculate the critical points of gx over C 2 . 

-A „ 1 ' 


Claris 

dgx 
89 


cos 00 + A — 


sin 00 , 


"v/S^lT+^oy 

(■SO) ^ 0 ) = ^SoA — •\/2(l + so)^ cos 00 — (1 ~ \/2(l + So)A^ sin0, 


so, if Dgx{so,9Q) = 0, using the first expression, we obtain tan0o = 
one, we obtain tan0o = 

l-^2(l+so)A 

Hence, we may say 

sqA — x/2{l + So) 


V^2(1+so)A-1 


and, using the second 


A 


and thus 


1 — a/ 2(1 + so)A ^/^(l + so)A — 1 
2-A^ 


So = 


A2 ■ 


Then, tan 0o = A and also, if we want to guarantee that 1 < so < 5 + 4 a/ 2, we need — 1 < A < 1. 
In that case, sin 0o = and cos 0o = ^^^^2 j then 

0a(so7^o) = H—/ , , ' r, = ~'\/l + A^, 


so 


yrTA2 v/TTA2 
DeiX) ■■= |5a(so,0o)| = \/l + A^. 


(7) s = l, O<0< f. 


Apply lemma [XT] with a = 1 — 2A and b = X — 2. Using 0 < A < 1, observe that we always have 6 < 0 
and b < a. Also, a < (l — a/2) b if and only if A > 

Putting everything together, we can say 


sup |5a(1,0)| 
o<e<f 


1-2A ifO<A<^=f^, 

^(1 + A) if 5 =|a/2 < A < 1, 

A>7,i(A) if0<A<^=f^, 
£>7, 2 (A) if < A < 1. 


(8) s = 5 + 4^2, 0 < 0 < f. 
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Apply again lemma 3.1 this time to a = 1 — 2 (l + v^) A and 6 = (5 + 4\/2) A — 2 (l + v^) ■ As usual, 
we notice that a < 0 if and only if A > , 5 < 0 if and only if A < and a < b ii and only if 

A > together, we can say that, for < A < we have 

sup |gA(5 + 4v^, 0)\ = + 52 = ^13 + 8^2 - ^56 + 40^2^ A + ^69 + 48AA 

Also, notice that, for any A S [0,1], we are going to have & < — (l + a/S) a and a < (l — a/2) b. Hence, 


sup |gA(5 + 4a/2,6»)| 
o<e<f 


if 0 < A < 


[(1 + 2^2) - (3 + 2^2) A] 

y^l3 + 8^2 - (56 + 40^2) A + (69 + 48^2) A2 if < A < ^=f^, 
2(1 + a/2) A- 1 

'a>8.i(A) ifO<A<4^, 

=: { D8.2(A) if < A < 

^L»8.3(A) if5=|5^<A<l. 


if < A < 1, 


(9) 6» = 0, 1 < s < 5 + 4a/2. 
We have 


Then, 


gA(s,0) = l- a/2(1 + s)A, 
ffA(l,0) = l-2A, 

<?a(5 + 4a/2, 0) = 1 - 2 (1 + 72 ) a, 

9 \{s, 0) =- , ^ ^ 0 for A 0. 

a/2(1 + s) 

sup |gA(s,0)| = max||l - 2A|, |1 - 2(1 + V2)A|| 
l<s<5+4V2 ^ ^ 


_ I 1 - 2A 

~ \ 2 (1 + V2) A - 1 if 

f 1^9,i(A) if0< A< 

■ \ 1^9, 2 (A) if ^ < A < 1. 


if 0< A < 

< A < 1, 


(10) 61 = f, 1 < s <5 + 4^2. 
We have 


gx 


(“y) 


Then 


9x 

gx 


2 


1 + s\ — \/2(l + s)(l + A) 




(5 + 4a/2, 

ffA (so, 0 = 0 if and only if sq = 2 A 2 


3 + 2V2) A - (1 + 2V2 

(1 + A)2 


(> 


- 1 


and since we need to ensure that 1 < sq < 5 + 4a/2, we need ^ < A < 1. In that case, 

72(1+ 3A2) 


9x I So, ^ ) = 


4A 
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Hence, 


sup 

1<S<5+4V2 


9x 


(»a) 


^ [(l + 2V2) - (3 + 2v^) A] ifO<A<^^^, 

if < A < 1, 


4A 


' 10,1 (A) 

if 0 < A < 

'io,2(A) 

if < A < 1 


Since (the reader can take a look at Figure [To|) 

Ds,2iX) 


De{X) < 


Ds,3iX) if5=|^<A<l, 


we can rule out case (6). Since (see Figures 11 and 12) 


-D7,2(A) < 

we can rule out case (7). Since 


DrAX) < £>10,1 (A) for 0 < A < 

i?io,i(A) if5^<A<^^, 

Ao, 2(A) if^^<A<l, 


£8 ,i(A) = l?io,i(A) for 0 < A < 


2 ^ 2-1 

7 


we can rule out the expression Ds,i{X) of case (8). Since 

£9,1 (A) = £7,1 (A) for 0 < A < 

DqAX) = DsAX) for < A < 1, 

we can directly rule out case (9). Furthermore, since (see Figure [T^ 

£8,2 (A) < £10,2 (A) for < A < 

DsAX) < DioAX) for < A < (4 v^-5)a/4^+7+8-5v^ ^ 

we can conclude that 

iAio,i(A) ifO<A<2j^, 

£10,2(A) if < A < (4>/2-5)\/4^+7+8-5>/2 ^ 

7 


sup |5 a ( s ,6»)| = 

is,9)eC2 


DsAX) if < a < 1. 

^ [1 + 2^2 - (3 + 2^2) A] ifO<A<?^^, 


V2{l+3X^ 

4A 


and hence 


sup 

1<s<5+4V2 


2 (1 + 72) A - 1 

\DQs{x,y)\\Dif) 


2 V 2 -I < A < (4v^-5)74V2+7+8-5V2 
if (4^/2-5)74^/2+7+8-5^/2 < A < 1 


72 [(1 + 272) X - (3 + 272) y] if 0 < ?/ < 

if < y < (4V2-5)v7^+8 ^, 

if (4V2-5)7i^+8 ^^ <y<X. 


_ ) V2{x^+3v 

2y 


4 (1 + 72) y - 2a: 
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Figure 10. Graphs of the mappings Dq{X), Us, 2 (A) and Us. 3 (A). 



Figure 11. Graphs of the mappings 1174 (A) and Zlio,i(A). 



7 7 


Figure 12. Graphs of the mappings Zl 74 (A), 11iot(A) and ilio, 2 (A). 

Finally, if we compare the results obtained with Pt and Qs, since ^ > 1 + 4 ^ whenever 

A < ^2- 1, we obtain 

y/2 [(1 + 2v^) X - (3 + 2^2) y] if 0 < ?/ < 

if ^^~^ x < y < (v^ — 1 ) X, 
if (v^-l)x<y< ( 2 -v^)x, 
if (2 — v^) X < y < X. 


$(x,?/) = < 


V2(a;^+3y 
2y 

2 ' 


(x + 

V J 


4(1 + y/2) y — 2x 
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7 23 7 


Figure 13. Graphs of the mappings Zl 8 , 2 (A), and Ilio, 2 (A). 


□ 


We can see that ^{x,y) < 4 + 1 / 2 , for all {x,y) G D (|). Furthermore, the maximum is attained by 
the polynomials 

Pi{x, y)=x^ +[b + 4^2^ - (4 + 4 V 2 J xy = Q 5 + 4 ^(a;, y). 

Corollary 3.3. Let P G V i^D and assume L G (^D is the polar of P. Then 

Moreover, equality is achieved for Pi{x, y) = y) = + (5 + 4-\/2) y^ — (4 + 4-\/2) xy. Hence, 

the polarization constant of the polynomial space 7^(^Zl(^)) is 2+^. 


4. Unconditional constants for polynomials on sectors 


Here, we obtain a sharp estimate on the norm of the modulus of a polynomial in P {^D (f)) in terms 
of it norm. That sharp estimate turns out to be the unconditional constant of the canonical basis of 


Theorem 4.1. The unconditional constant of the canonical basis is 5 + 4-\/2. In other 

words, the inequality 

|||P|||^(.)<(5 + 4v^)||P||^(,), 

for all P G V {^D (f)). Furthermore, the previous inequality is sharp and equality is attained for the 
polynomials ±Pi{x, y) = y) = ± [x^ + (5 + 4y/2)y‘^ - (4 + 4v^)x7/]. 

Proof. We just need to calculate 

sup{|l|P|||c(j) : PGext(H^(j))}. 

In order to calculate the above supremum we use the extreme polynomials described in Lemma |l.2[ If we 
consider first the polynomials P*, then |Pt| = (|t|, 4 + t + 4VI + t,2 + 2t + 4^/1 + t). Now, using Lemma 
11. 11 we have 

sup IllPtlll^iiir') = sup maxi |t|, ^ (|<| + 4 + t + 4\/l + t + 2 + 2t + 4-^1 + t) 

-i<t<i -i<t<i I ^ 

= sup i- (|t| + 6 + 3t + 8-\/l + t) = 5 + 4\/2. 
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Notice that the above supremum is attained at t = 1. On t he ot her hand, if we consider the polynomials 
Qs, we have |Qs| = ^1, s, 2-\/2(r^r^y Now, using Lemma jhlj we have 


sup I1 IQs|||£)(il) = sup max 
1<s<5+4V2 1<s<5+4V2 

1 


l<s<5+4y2 

Observe that the last supremum is now attained at s = 5 + 4y/2. 


2 + '®)) I 

sup — f 1 + s + 2 y^2(l + s)^ = 5 + 4v^ 2. 

^ c: I /I. /o " ' 


□ 


5. Conclusions 

Comparing the results obtained in El and |25j for polynomials on the simplex A, in |12j for polynomials 
on the unit square □, in |15] for polynomials on the sector -D (§) and the results obtained in the previous 
sections, we have the following: 






V(^D) 

Markov constants 


2^5 

4(13 + 8^2) 

yi3 

Polarization constants 

3 

2 

2 + f 

3 

2 

Unconditional Constants 

2 

3 

5-f 4^2 

5 


Furthermore, all the constants appearing in the previous table are sharp. Actually, the extreme polyno¬ 
mials where the constants are attained are the following: 

(1) ±(x^ + y^ — 6xy) for the simplex. 

(2) ±(a:^ + y^ — 4xy) for the sector D (|). 

(3) ± (x^ + (5 -I- 4\/2)y^ — (4 -|- 4\/2)xy) for the sector D (|). 

(4) ±(a;^ + 2/^ — ixy) for the unit square. 

Compare the previous table with similar results that hold for 2-homogeneous polynomials on the 
Banach spaces 6 ^ and 




V(Hl) 


Markov constants 

4 

2 

2^2 

Polarization constants 

2 

1 

2 

Unconditional Constants 

1 +V 2 

2 


1-f 


Observe that the Markov constants of the spaces and can be calculated taking into 

consideration the description of the geometry of those spaces given in [5]. Also, the Markov constant of 
V{^(- 2 ) is twice its polarization constant, or in other words, 2. 

On the other hand, the constants appearing in the second line of the previous table are well-known results 
(see for instance [17]). 

Finally, the unconditional constants corresponding to the third line of the previous table were calculated 
in Theorem 3.5, Theorem 3.19 and Theorem 3.6 of [llj . 
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